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1. INTRODUCTION 
In the last few years, we have been investigating a new area of rarefied gas dynamics by means 
of the so-called Direct Simulation Monte Carlo (DSMC) method, i.e., the problems related to 
the instability of fluid flows and their possible transition to turbulence. The study of these 
problems might be of great importance for understanding fundamental phenomena of instability 
and self-organization i  molecular dynamics. Encouraged by the positive result of our pioneering 
investigation [1,2] of Bdnard's instability, we also reported and discussed [3,4] our computations 
concerning Taylor's instability of cylindrical Couette flow, another well-known phenomenon i  
continuum fluid dynamics. The latter flow is characterized by a system of Taylor cells in the 
form of toroidal vortices and two neighbouring vortices rotating in opposite directions. In both 
cases, our results referred to Knudsen numbers of order 10 -2 and different Mach numbers. When 
the flows appeared to be fully developed, we extended our studies to higher Mach numbers and 
exhibited results that seemed to indicate transition to a chaotic behavior. The real physics of 
the transition to turbulence scaped our computations, because of their 2-dimensional nature. 
In another paper [5], we reported a study on the fluctuations of the macroscopic quantities in 
a rarefied gas flowing in a channel under the action of a constant external force in a direction 
parallel to the walls. Our final aim there was to study the transition to turbulence by means 
of the Boltzmann equation, but there also we remained far from achieving this goal, since our 
calculations were restricted to a two-dimensional geometry. 
Another issue that stimulated our studies was the question, which is frequently raised, con- 
cerning the ability of the DSMC technique to faithfully resolve vortex motion, due to the lack of 
accurate conservation of angular momentum in collisions. It  seems that the first paper to cast 
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doubts on this ability is due to Meiburg [6]; the issue is discussed by Bird [7], by Nanbu et al. [8] 
and the present authors [3]. 
The domain, where the solution was computed, was extended into the third direction to a 
distance qual to the distance between the wails of the channel. The 3D calculations confirmed 
the 2D ones [9]. In each of the above-mentioned calculations, the flow organizes in the following 
way: an extremely thin boundary layer with a very high number density and a flat profile 
occupying a great portion of the cross section of the channel with a number density of the order 
of 60 or 70% of the initial density. This steady state flow with a high energy content might have 
contained small turbulence, but if there was, it was hard to detect it. Possible explanations for 
our failure to detect explicit urbulent patterns are 
(a) reduction of the effective Reynolds number due to the above-mentioned density reduction 
in the middle of the channel, 
(b) reduction of the gradients due to the high slip at the boundaries, 
(c) insufficiently refined mesh, given the extremely small turbulence scale. 
For a general discussion of turbulence in a rarefied gas and a general survey, we refer to a paper 
of one of the authors [10]. We also refer to the previous papers [1-5] for a detailed iscussion 
of the computational procedure, to the recent book of Bird [11] for a detailed iscussion of the 
Monte Carlo technique and to other monographs [12,13] for the connection between the theory 
of the Boltzmann equation and simulation methods. Recently, the accuracy of the Monte Carlo 
method was tested on a space inhomogeneous exact solution [14]. 
Here, we present some details of our 3D calculations and examine the results obtained by 
investigating the effect of introducing a perturbation ofsimple shape for a short time at certain 
points. To be precise, we have examined the effect of perturbations aligned with the z-axis, 
consisting of a change of the molecular velocities of points located along the z-axis in the direction 
toward, or from, the wail (y-axis). This study has turned up to be fruitful. In fact, we have 
checked that the DSMC method can reproduce accurately the propagation ofperturbations in a 
complicated pre-existing flow pattern (this may have interesting applications), and we were able 
to observe several phenomena typical of the transition to turbulence in gas flows, such as the 
appearance ofvortices, phenomena similar to a bursting process when the perturbation i teracts 
with a wail, complicated mixing of different parts of the perturbation. 
The results will be discussed in the next few sections. 
2. STEADY-STATE CALCULATIONS 
Our previous tudy [5] was devoted to the fluctuations of the macroscopic quantities in the 
rarefied flow of a gas in a channel under the action of a constant external force parallel to the 
walls (assumed to be at rest with the same temperature). 
We started from calculations ina two-dimensional geometry and considered a channel of limited 
length in the direction of the force with appropriate boundary conditions at the two ends [5]. The 
main aim of our calculations was to investigate he time evolution of macroscopic quantities and 
their fluctuations. Our numerical experiments refer to Knudsen numbers between .005 and .1 
and three different values of the body force. A detailed analysis of our results hows an increase 
in the macroscopic fluctuation for Kn _< .05 and for certain magnitudes of force. In order to 
recognize the possible formation of vortex patterns and estimate the macroscopic fluctuations, a 
data analysis was performed. This analysis did not show clearly formed patterns on a sufficiently 
large scale (larger, say, than five mean free paths), but it did show an increase in the macroscopic 
fluctuations. We were thus tempted to conclude that we saw transition from laminar to 2-D 
small-scale turbulence. 
In this problem, the Reynolds number is related to the force per unit mass g 
Re = gLs 
12u2, (I) 
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where v is the kinematic viscosity. I f  we assume the perfect gas law (as appropriate here), 
and express v in terms of A0 (the Chapman-Enskog first approximations i sufficient for this 
discussion), then 
v = ( 5 ) Aovth~r I/2. (2) 
In turn, the mean free path Ao is related to the density no by a standard formula (Ao = 
(21/271"O'2}20)- 1). 
We shall also use a modified Froude number as in [1,2]. 
Fr* = v2 = F. (3) 
gA0 
As is well known, experiments indicate that  instabilities arise in a channel for Re ~ 1,300 when 
the Navier-Stokes equations for an incompressible fluid (with no slip boundary conditions) hold; 
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Figure 1. Local Mach number in a cross section in 2D for Kn -- .005 and Fr* = 10. 
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Figure 2. Local Mach number in a cross section in 3D for Kn ---- .01 and Fr* = 20. 
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our results indicate that a critical Reynolds number of the same order holds for the Boltzmann 
equation (detecting a possible slight dependence on the Knudsen number would require more 
calculations). 
For more details on our 2D calculations, we refer to our previous paper [5]. 
In three dimensions, we added a third space coordinate, z, which ranged from 0 to L, with 
periodicity boundary conditions. Here, we shall present our results for Kn  = .01 and Fr* = 20. 
The computational domain consisted of 200 x 100 x 100 mean free paths and we used a grid 
120 x 60 x 60 = 432,000 cells. We remark that this grid is not so refined; this may explain some 
results. The total number of particles ranged from 2,160,000 to 2,560,000. We also used a coarser 
grid of 40 x 20 x 20 cells to compute the flow properties. We performed our computations on a 
RISC/6000-37T. The CPU time required to reach a fully developed 3D flow was about ten days 
(or 240 hours). 
We shall now discuss some of our results. First of all, we want to remark that the results in two 
and three dimensions are very similar, especially if we take into account the fact that the grid 
is much coarser in three dimensions. We just show a comparison between the computed Mach 
numbers in two and three dimensions (Figures I and 2). We draw the attention of the reader to 
the fact that the results presented here refer to different Knudsen and Froude numbers in the two 
cases: (.005 and 10) for the 2D flow and (.01 and 20) for the 3D one. The figures are interesting 
because they show an equality of the maximal values of Mach number for both flows. We observed 
the same phenomenon for larger Knudsen numbers up to Kn  = .05. A possible explanation of 
this fact might be found in a larger ability of rarefied gas flows for selforganization in the following 
way: near the walls thin boundary layers with clearly manifested viscosity phenomena and a wide 
flat area of inviscid flow between them. 
To complete the description of the fully established 3D steady-state flow, which is the initial 
point for our further considerations, we show density and temperature profiles n(y) and T(y) 
(Figures 3 and 4) for Kn  = 0.01 and Fr* = 20.0. In addition to the results presented in [5], we 
shall comment the results obtained from macroscopic fluctuation calculations in a 3D channel 
flow for Kn  -- .005 and Fr* -- 20. 
We remark that the idea of using the DSMC method for calculating hydrodynamical fluc- 
tuations in a dilute gas was first employed by Mansour, Mareshal and coauthors [15,16], who 
investigated the correlations of hydrodynamic fluctuations in nonequilibrium flows by using both 
e~ 
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Figure 3. The density profile for Kn = .01 and Fr* = 20. 
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Figure 4. The temperature profile for Kn = .01 and Fr* ---- 20. 
the fluctuating hydrodynamics formalism and the DSMC method. An analogous approach could 
be applied to the problem under consideration but this is beyond the scope of the present research. 
Here as in [5], we restrict ourselves by computing the mean square deviations of macroscopic 
flow characteristics. In our description we use the standard hydrodynamic notation for bulk 
velocity components U, V, W directed parallel to the coordinate axes x, y, z, respectively, and 
their instantaneous values u,v,w. Here, U = ((u))x,z, Y = <<v))x,z, and W = ((w))x,z are 
averaged over the coordinates x,z and depend on y only. We have also computed 
o = _ u )2  + (v - v )2  + _ W)2) )~,~,  
for the y-coordinates of the large cell centers. For a Maxwellian velocity distribution, one can 
compute the theoretical value ~1 of the macroscopic fluctuation if the average number of particles 
in a cell, (N), is known: 
/ RT(y) 
= 
Here, n(y) and T(y) are the averaged values of density and overall temperature, and R is the 
gas constant. This theoretical estimation is made more precise with respect to the one suggested 
in [5] by taking into account the density profile n(y). The results are shown in the Figure 5. 
The theoretical curve is given by the solid line. The computed data are fitted with a sixth 
degree polynomial (dashed line). The calculated data points are additionally averaged over two 
consecutive time steps. This leads to a level of fluctuations smaller than the one that should really 
arise from the computations for the given number of particles per cell. This is the reason why in 
the midpoints we have obtained values smaller than those given by the theoretical prediction. In 
spite of this, one can see that at the points between the boundary layer and the inviscid midplane 
the computed fluctuations clearly dominate; this should be more evident if the additional time 
averaging had not been done. The origin of the fluctuation increase might be due to a small scale 
turbulence. We checked the possibility for the growth of fluctuations to come from the fact that 
the state is far from equilibrium at those points, but the calculation of both longitudinal and 
transversal temperature components showed that they had very close magnitudes, and hence, the 
state appeared to be sufficiently close to equilibrium. To conclude this section, we remark that 
this point of our study contains possibilities for an additional improvement. 
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Figure 5. Mean square deviation of the bulk velocity ant the centers of the large 
cells. The theoretical values (solid line) are compared with the computed data and 
with a fitting curve given by a sixth degree polynomial (dot-dashed line). 
3. TIME EVOLUTION OF A D ISTURBANCE 
Let us consider now a propagation of an assigned isturbance throughout the fully developed 
flow, described in Section 2. We have the same 3D domain with size 2L x L x L, where the lengths 
refer to the X, Y, Z directions, respectively. We shall recall briefly that the boundary data are 
kept constant in time at the walls y = 0 and y = L, where diffuse reflection applies with equal 
temperatures T1 = T2 = 1.0. The external force, acting at each point of the domain and parallel 
to the x-axis, is defined by b'Y* = 20. We have imposed a periodicity boundary condition at the 
planes x = 0. and x = 2L. At the planes z = 0 and z = L, we have simply imposed specular 
reflection. 
We consider the established flow considered in the previous ection as an initial 3D state in 
which a simple disturbance is introduced at t = 0.0 and kept constant for a small time interval 
8t = 2.0 (here time is scaled by means of Ao/Vth computed for a gas in equilibrium). The whole 
period within which the disturbance volution is followed is about 8T = 100.0. 
The disturbance is introduced in the following way. For t E (0.0, 2.0) the y-velocity component 
of each particle, crossing a certain column of large cells with cross-section Dx.  Dy (Dx = 3dx, 
Dy = 3 dy), aligned along with the z-axis, is changed to ~y = ±10.0 (this value is of the order of 
the mean flow speed in direction z). The other velocity components are left with the same values 
that had been computed uring the previous imulation stage. In this way, the flow is disturbed 
in the y direction only. 
Our idea is to analyze the propagation of the disturbance in two important cases, 
(a) a disturbance moving toward a wall and interacting with it, and 
(b) a disturbance moving from the wall into the stream core. 
In Case (a), the disturbed group of particles is confined within the column of "large" cells with 
centers near the center line y = (L - Dy) /2 at a distance x = 2L/5  - Dx/2  from the inflow 
surface x = 0. During the initial time period t E (0, 2), the y-components of all particles crossing 
the chosen cells are changed to ~ = -10. For t > 2, the artificial flow of particles toward wall 
y -- 0.0 is stopped and the disturbance so generated is let spread freely. An analogous procedure 
is used in Case (b) for all particles in large cells with centers at y = Dy/2 and x -- 2L/5 - Dx/2.  
This time the flow is directed into the stream core, i.e. ~y = +10.0. One can roughly estimate 
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a ratio of the numbers of particles disturbed in the initial stage for (a) and (b) by using the flux 
ratio 
[ny.U~]~=(L-v~)/2 = 2.2. 
[n,,.U,,]~=V,,l~ 
The larger number of particles gives approximately a twice larger total momentum to the distur- 
bance in the midplane. This fact leads to concluding that the flow is rather more sensitive to the 
artificial disturbance at the midplane points than to the disturbance at points near the walls. 
We now begin our comments on the results with some general remarks. We first present the 
3D data analysis of the projection of the fluctuation in 3 orthogonal planes, Oxy, Oxz, and O~Iz. 
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Figure 6a. Vector field of the macroscopic velocity fluctuation in Case (a) for t = 0.5 
(an instant before the external action producing the disturbance was stopped). 
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Figure 6b. Vector field of the macroscopic velocity fluctuation in Case (a) for t = 2.5. 
The front of the free moving disturbance has not reached the wall y -- 0.0. 
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Figure 6d. Vector field of the macroscopic velocity fluctuation in Case (a) for t = i0.0. 
The effect of the interaction of the disturbance with the flow in the boundary layer 
and the wail is propagating back in the main flow. 
In each projection, we have carried out an additional averaging of the velocity fluctuations over 
the cells in the third direction• For instance, the Oxy projection of the macroscopic fluctuation 
is calculated by removing the steady state flow and averaging over the cells in z-direction, i.e., 
Dz~-~ 
Au~,~(t) = T ~ (u~,~,k(t) - u )  , 
k=l  
= - v ) .  
L Z..., 
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This method of presentation of the 3D data has a clear defect. For a not weU-shaped flow 
structure, all the details are usually lost. Moreover, it seems that for unsteady state problems, 
where we are not able to use ensemble averaging, the lack of a sample size for estimating the 
instantaneous macroscopic quantities is a main problem, whose solution is not clear and should 
be sought for. In our case, this procedure gave a poor picture of the fluctuation fields at planes 
Oxz and Oyz, but the clearly 2D character of the initial disturbance allowed us to follow its prop- 
agation in the Oxy projection for a relatively long time interval [0, t] with t > 100. Apparently, 
within for most of the length of this time interval the disturbance was keeping a 2D shape. 
Let us proceed to comment on the most interesting results obtained for both (a) and (b) cases. 
In each calculation, the time step was fixed at ~t  = 0.05. In the sequence of Figures 6a--6d, 
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Figure 7a. Vector field of the macroscopic velocity fluctuation in Case (b) for t = 1•0: 
a disturbance is created near the wall. 
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Figure 7b. Vector field of the macroscopic velocity fluctuation in Case (b) for t --- 5.0. 
The disturbance is propagating toward the right• 
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Figure ?c. Vector field of the macroscopic velocity fluctuation in Case (b) for t = 12.0. 
The disturbance, because of periodicity, continues its propagation to the right with 
the flow in the boundary layer and the w~ll is starting. 
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Figure 7d. Vector 3eld of the macroscopic velocity fluctuation in Case (b) for t = 17.0. 
The disturbance, because of periodicity, has reappeared from the left and we observe 
a rather complicated pattern. 
the vector fields of the macroscopic velocity fluctuations in Case (a) are given for four chosen 
instants t = 0.5; 2.5; 5.0; 10.0, respectively. The first picture in Figure 6a shows the disturbance 
at an instant before the external action was stopped. In the second one (Figure 6b), the front 
of the free moving disturbance has not reached the wall ~/= 0.0. Here, one can see that even 
the main flow is very fast toward the right-hand irection in the picture, while the disturbance 
is spreading in both left and right. The next two figures (Figures 6c and 6(t) enlighten a very 
interesting phenomenon f interaction of the disturbance with the flow in the boundary layer and 
the wall. From the figures, one can evidently conclude that the system "boundary layer-wall" 
plays an amplifying role for the perturbation. As a resulL we observe a phenomenon that, in our 
opinion, could explain, from the viewpoint of our simulation, the origin of the so called "bursting" 
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process, well known from many experiments on turbulence. Another interesting appearance is
the interaction of the disturbance front with the stream core after reflection. The large tangential 
stresses lead to the formation of vortex structures. 
Subsequently, the structure thus formed is expanded and slightly shifted to the right. A process 
of mixing and dissipation can be observed. For t > 100.0, the disturbance is almost dissipated 
and its magnitude reaches the previous (steady state ) level. 
We show a mixing process in the structure of the disturbance, illustrated in Figures 7a-7d, 
for Case (b). Here, the disturbance is created near the wall and moves toward the center part 
of the flow. The vector fields of the velocity fluctuations are drawn at t = 1.0, 5.0, 12.0, 17.0, 
respectively. From the figures, it is seen that the structure shifting toward the right-hand side 
re-appears from the left, due to the periodicity boundary conditions and interacts with its own 
left-hand part. As a result, in Figure 6d, we observe a complicated picture of the fluctuation flow 
field in the Oxy projection. The same vector fields in the other two projections Oxz and Oyz have 
not such well expressed character. A further calculation, done for Kn = 0.005 and Fr. = 20.0 by 
using the same (and hence, coarser for this case) grid of cells, showed more clearly some aspects 
of the structure on these planes. Here, as an illustration, in Figure 8 we give the isolines of 
negative z-velocity fluctuations (black spots) in the Oyz plane for t --- 30.0, Case Ca), only. On 
the contrary, the white spots denote domains with positive magnitudes. The values lie between 
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Figure 8. Isolines of negative z-velocity fluctuations (black spots) in the Oyz plane 
for t = 30.0, Case (a). The white spots denote domains with positive z-component. 
At last, we intend to discuss the time behavior of the mean energy of the fluctuations calculated 
per unit volume. We define it in the following way 
AEu -- ~ X/(u - U) 2 + (v - V) 2 + (w - W) 2 dx dy dz. 
The estimator of AEu is simply the mean value of macroscopic velocity fluctuations taken over 
all the cells in the 3D volume "D'. We show its time evolution for both (a) ('*') and (b)('o') 
cases in Figure 9. As one can see from Figure 9 at "t = 0", AEu  has a value different from 
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Figure 9. Mean value of the macroscopic velocity fluctuations taken over all the cells 
in the 3D volume. Time evolutions in both (a) ('*') and (b) ('o') cases are shown. 
zero approximately equal to 0.1. This is the mean fluctuation energy calculated from the steady 
state flow. It  can be clearly seen in both cases that the growth of AEu continues after stopping 
the external action (t = 2.0). The maximal values are reached for times between t = 5.0 and 
t = 15.0 and the values in Case (a) are 1.5-2.0 times larger than the values in Case (b). The 
graphs in Figure 9 allow us to define "lifetimes" of the disturbances in both cases. One can 
see that  the lifetime of an (a) case disturbance is almost 3 times longer than a (b) case one. 
Although the picture is cut off at t = 80, we checked that  the dissipation of disturbance in 
Case (a) continues after this time up to t > 100.0. In our opinion, the lifetime might be a very 
important characteristic of the flow reaction to the disturbance. An open issue for discussion is 
whether the lifetime of a given disturbance is longer in laminar or turbulent flows. 
4 .  CONCLUSIONS 
We have shown that  the the investigation by using disturbances on a microscopic (molecular) 
level might be useful. In particular, we have shown that DSMC method can be applied to such 
problems and important processes uch as "bursting", "mixing", and so on, can be studied, along 
with a study of macroscopic fluctuations. 
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